Abstract. Let G be a finite p-solvable group and P a Sylow p-subgroup of G. Suppose that γ ℓ(p−1) (P ) ⊆ γr(P ) p s for ℓ(p − 1) < r + s(p − 1), then the p-length is bounded by a function depending on ℓ.
Introduction
All the group considered are finite. In the following p will be a prime number.
A group is p-solvable if it has a sequence of subgroups
such that N i+1 is a normal subgroup of N i and the index |N i : N i+1 | is either coprime to p or a power of p. In such case the minimal number of factors N i /N i+1 which are p-groups is called the p-length of G. Alternatively a group G is p-solvable if the upper series
terminates at G and we call the p-length of G to the number of symbols p appearing in the series. Recall that the previous series is constructed as follows: O p ′ (G) is the maximal normal p ′ -subgroup of G; O p ′ ,p (G) denotes the inverse image of the maximal normal
, and so on.
Much is known about the p-length of p-solvable groups. For example, by a result of P. Hall and G. Higman explicit bounds of the p-length are known in terms of the derived length or the exponent of the Sylow p-subgroup (see [4] ). More recently the first author and T. Weigel proved that if p is odd and the elements of order p of the Sylow subgroups are contained in the p − 2-center of the Sylow p-subgroup, then the p-length is one (see [3] ). This result was generalized by E. Khukhro in [5] by proving that if the elements of order p (or 4 if p = 2) of the Sylow p-subgroup are contained in the ℓ-center of the Sylow p-subgroup then the p-length of the group is bounded in terms of ℓ. In the same paper Khukhro also proved that if the Sylow p-subgroup is powerful, then the p-length is one, and he posted the question of whether this result can be generalized in the same way as the result for Sylow pcentral subgroup. In this short note we will try to answer this question by giving a bound of the p-length of a p-solvable group in terms of some power-commutator conditions in the Sylow p-subgroup.
Main Theorem. Let G be a p-solvable group and P a Sylow p-subgroup of G. Suppose that
. Then the p-length of G is bounded in terms of l. This condition holds in particular when γ ℓ(p−1) (P ) ⊆ P p l .
The notation is standard in group theory. The subgroups O p (G) and Consider now a group G and a normal elementary abelian p-group V . Let ϕ be the action by conjugation of G on V :
We can regard V as a vector space over the field F p . In this case, the action by conjugation of G on V can be regarded as an action by linear transformation on this vector space, and we denote this action as follows:
where T (g) denotes the action of an element g of G on V . If we denote by 1 V the identity transformation on V , then
Potent filtrations
Let P be a p-group, we say that a sequence of normal subgroups (
Furthermore, we say that a group N is PF-embedded of type ℓ in P if there is a potent filtration of P beginning at a subgroup N . Proposition 1. Let P be a pro-p group and let {N i } k i=1 a potent filtration of P of type ℓ.Then:
We continue with the case where N is PF-embedded subgroup of type p − 2.
Proposition 2. Let G be a p-solvable group and P a Sylow p subgroup of G. Suppose that N is a PF-embedded subgroup of type p − 2 of P . Then
Proof. We can assume that O p ′ (G) = 1. In order to simplify notations, we put O p (G) = V . Modding out the Frattini subgroup we can also assume that V is an elementary abelian p-group. Furthermore, V = C G (V ) [ Take (N i ) k i=1 a potent filtration starting at N . We will prove by reverse induction on i that for all i, N i ⊆ V . For i large enough it is clear. Suppose now that N i+1 ⊆ V . Take v ∈ V and n ∈ N i . Then
Therefore for all v ∈ V and n ∈ N i , we have In order to prove the Main Theorem we will need a weaker result for PF-embedded subgroups of type p − 1.
Proposition 3. Let G be a p-solvable group, P a Sylow p subgroup of G and N a PF-embedded subgroup of type p − 1 of
Proof. As in the proof of Proposition 3, we can assume that O p ′ (G) = 1 and 
Then, as in Proposition 3 and since p ≥ 5, the Jordan block size it can only can be 1. So N 
(c) As in (a) we prove by reverse induction on i that N i ⊆ V . For i large enough, it is clear. Let us suppose that N i+1 ⊆ V . Take n ∈ N i and v ∈ V . Then
Therefore n ∈ C G (V ) = V and N i ⊆ V .
Proof of the main theorem
Now we introduce a family E k,r (P ) of subgroups of a finite p-group P as in [1] .
Definition 4. Let P be a finite p-group. For any pair k, r of positive integers, we define the subgroup E k,r (P ) = i+j(p−1)≥k and i≥r
The next theorem is a stronger version of the Main Theorem.
Theorem 5. Let G be a p-solvable group and let P be a Sylow p-subgroup of G. Suppose that γ ℓ(p−1) (P ) ⊆ E ℓ(p−1)+1,1 (P ), then the p-length of G is bounded in terms of ℓ.
By construction the exponent of P/O p ′ ,p (G) is at most the exponent of P/E p 2 which is bounded by p ℓ+1 . Therefore by Theorem A of [4] the p-length of G is bounded in terms of ℓ.
A question and a lemma
In Section 2 we have proved that if G is a 2-solvable group, P is a Sylow 2-subgroup of P and N is a PF-embedded subgroup of P , then N ⊆ O p,p ′ (G). For the case were p is an odd prime we have only a weaker version of the result. Therefore the following question arises naturally. Question 1. Let G be a p-solvable group, P is a Sylow p-subgroup of P and N is a PF-embedded subgroup of P . Then N ⊆ O p,p ′ (G). 
